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Harmonic analysis on the ball and approximation by ridge-functions

A ridge function is any multivariate real-valued function F : R? — R of the form
F(z1,...,xa) = flaz + - + agza) = f(a - 2).

The vector a = (ay,...,a,) is called the direction. In our report we consider the sets R,
generating by linear combinations of all possible n ridge-functions. We review the results
obtained on last time and connecting with approximation of different functions (smoothness,
harmonic, convex and other) by the sets R,,.

The sets R,, with variable and fixed directions a are considered. Exact asymptotical esti-
mations for best approximation of the function classes are formulated. The cases of efficiency
of approximation by ridges with variable directions as compared with fixed are considered. The
main tool of investigation of these problems is harmonic analysis connecting with construction

of the special orthogonal basis of polynomials on the unit ball.
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We will investigate when a sequence of orthoprojections of a point in a Hilbert space on a
finite family of closed subspaces, or more generally, closed convex subsets, converges. We will

explain non-trivial examples when the sequence does not converge.
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Our report is about so-called PT-symmetric operators. Such operators are characterized by

spatial variable symmetry and conjugation symmetry. Operators like

d2
T = ] +eP(x), >0,

are the classical example of PT-symmetric operators in the space Ls(—a,a), 0 < a < oo,

with the condition P(x) = —P(—x). Spectrum of that operators has real-axis symmetry, but,



indeed, it is not always real. In the case of finite interval the spectrum is always discrete (if P
is not a singular potential), moreover, we will show, that for sufficiently small ¢ the spectrum is
real, and PT-symmetric operator 7' is similar to self-adjont one. If the ¢ grows, then complex
eigenvalues are appeared and their number is increasing according to growth of e.

Following problems are arising: how change the characteristics of operator 7" on the as-
sumption of €7 Is it possible to estimate the critical values of €, at which complex eigenvalues
appear? We will give answers for these questions during the investigation of one model problem.

Report is based on joint work with S.N. Tymanov.
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Estimations of linear forms at values of analytic functions
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Hoxna i Oyer nocssinen pesyabratam E.M. Hukummnaa npo JuHeiiHy10 He3aBUCUMOCTD 3Ha~
YeHU il oImIorapudgMoB B PAIMOHAIBHBIX TOYKAX U O [TOCJIE/IOBABIINX 3aT€M ITPOJBUKEHUIX B
sroit obstactu. B wacrHocTH, OyjeT pacckazaHo O TOM, KaK JIOKa3bIBaeTCsl CyIlecTBOBaHue Oec-
KOHEYHOTI'0 KOJIMYeCTBA UPPAIMOHAIbHBIX CPeJIN 3HaUYeHu i 13eTa-pyHKInn PuMana B HeUETHBIX
MIOJIOYKUTETBHBIX TOYKAX, OIEHKU CHU3Y JJIsl JIMHEHBIX (POPM € TeTbIMU KO3dduUuIimenTaMmu ot

3HAYEHUN HEKOTOPBIX TMIIEPreOMETPUIECKUX (PYHKIIUN U JIPyrue pe3yJibTaThl.
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Hermite-Padé approximants of type II are vectors of rational functions with common de-
nominator that interpolate a given vector of power series at infinity with maximal order. We
are interested in the situation when the approximated vector is given by a pair of Cauchy trans-
forms of smooth complex measures supported on the real line. The convergence properties of
the approximants are rather well understood when the supports consist of two disjoint inter-
vals (Angelesco systems) or two intervals that coincide under the condition that the ratio of the
measures is a restriction of the Cauchy transform of a third measure (Nikishin systems). In this
talk I will describe the case where the supports form two overlapping intervals (in a symmetric

way) and the ratio of the measures extends to a holomorphic function in a region that depends



on the size of the overlap. Hermite-Padé approximants for such functions exhibit both the
presence of the divergence domains (the divergence domains appear for Angelesco systems but
are not present for Nikishin systems), and the presence of overinterpolation (a feature peculiar
for Nikishin systems but not for Angelesco systems).

Joint work with Alexander I. Aptekarev and Walter Van Assche.
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Vector equilibrium problems for Nikishin systems with touching or overlapping
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Given two closed Ay, Ay, two functions @; : A; — R U {400} and parameters p; > 0,
j = 1,2, the Nikishin vector equilibrium problem looks for a vector of measures minimizing the

vector energy

J(p1, p2) ZCjk/log |dug ) dpx(y +2Z/QJ z)dp;(z

J,k=1

over all measures p; supported on A; with prescribed masses ||p;|| = p;, with the Nikishin

c_[i —21].

The classical analysis going back to Nikishin supposes that the two A; are disjoint, there are

interaction matrix

however several examples in the literature where the A; are touching intervals [5]. We will
report about such an application going back to Eckhoff, Driscoll and Fornberg, namely the re-
construction of a real-valued function with one known discontinuity from it’s Fourier coefficients
and its relation with Hermite-Padé approximants for Nikishin systems [2,3]. Subsequently we
show that the above extremal problem has a unique solution even if the plates A; are touching
or overlapping |[1,4].

Joint work with Ana Matos (Lille, Franck Wielonsky (Marseille) and Valery Kalyagine
(Nizhny Novgorod).
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